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Abstract. Let G be a reductive group over a non-archimedean local field and let 

S(G) be its Schwartz algebra. We compare Ext-groups of tempered G-representations 
-i in several module categories: smooth G-representations, algebraic 5(G)-modules, 

bornological 5(G)-modules and an exact category of <S(G)-modules on LF-spaces, 
fi | which contains all admissible iS(G)-modules. We simplify the proofs of known 

^\ . comparison theorems for these Ext-groups, due to Meyer and Schneider-Zink. 

Our method is based on the Bruhat-Tits building of G and on analytic properties 

of the Schneider-Stuhler resolutions. 
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Let G be the group of F-rational points of a connected reductive linear algebraic 

group defined over a non-archemedean local field F of arbitrary characteristic. Let 
%{G) denote the Hecke algebra of locally constant compactly supported complex 
functions on G, and S(G) the Harish-Chandra Schwartz algebra of G. The abelian 
category Mod(G) of complex smooth representations of G is equivalent to the cat- 
egory M.od(7i(G)) of nondegenerate 'H(G)-modules. By |ScSt2| Proposition 1] an 
admissible representation V of G is tempered if and only if it extends to a module 
of S(G), and then such an extension is unique. Let V, W be 5(G7)-modules, with V 
admissible. A profound theorem due to Schneider and Zink [ScZi2j (based on work 
of R. Meyer) states that for all n £ Z>o: 

(1) Extl {G) (V,W) =Ext n s{G) (V,W). 

If W is also admissible, then both V and W admit a canonical structure as LF-spaces 
such that they become complete topological modules over the LF-algebra S(G). We 
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introduce an exact category Mod.LF(S(G)) of certain LF-modules over S(G), whose 
exact sequences are split as LF-spaces, and then one also has 

(2) Ext" (G) (y, W) = E^ odMsm (V, W). 

One can choose a good compact open subgroup K such that V = 7i(G)V K and W = 
Ti(G)W . Now V and W are finite dimensional modules over the if-spherical 
Hecke algebra H(G, K) := eK / H(G)ex which uniquely extend to topological modules 
over the Frechet algebra S(G,K) := exS(G)eK- In that context we have 

(3) V^h(G,k)(V K , W K ) = Extl, odpr(s{GjK)) (V K , W K ), 

where Modi? r denotes the exact category of Frechet modules with linearly split exact 
sequences. 

These are powerful statements wich provide a link between harmonic analysis 
and homological properties of admissible smooth representations of G. For example 
it follows that a discrete series representation of G is a projective module in the 
full subcategory of %(G)-modules which are restrictions of 5(G)-modules. The 
identities (PQ), (|2j) and ((3j) were used in |OpSo2| to explicitly compute the spaces 
Exti^ G ) (V, W) for irreducible tempered admissible representations of G in terms of 
analytic R-groups. As a further consequence, we proved the Kazhdan orthogonality 
relations for admissible characters of G directly from the Plancherel isomorphism for 
S(G). These applications motivated us to revisit the proofs of the results of Meyer 
and the subsequent results of Schneider, Stuhler and Zink discussed above. 

Equation ([1]) is somewhat unexpected since S(G) is not a flat ring over T-L{G). 
Meyer's proof of these type of results [Mey2| relies in an essential way on the machin- 
ery of bornological vector spaces. In the present paper we prove the results in a way 
which is intuitively more clear and which reveals their geometric origin. The meth- 
ods we are using are similar to those used in |OpSol| for the analogous statements 
for tempered modules over an affine Hecke algebra. The pleasant surprise is that 
such an explicit construction of a continuous contraction of the Schneider-Stuhler 
resolutions is still possible in this more complicated context, and the computations 
are not too unpleasant. 

First recall the construction of Schneider and Stuhler of a functorial projective 
resolution C*(B(G), V) of V by G-equivariant sheaves on the Bruhat-Tits building 
B(G). We start by constructing a functorial contraction of the X-invariant part 
V <r- C*(B(G),V) of this resolution of V, where K runs over a neighborhood 
basis of G consisting of good compact open subgroups. This is a projective reso- 
lution of V as a Ti(G, K)-module. The construction of these contractions reflects 
the contractibility of the affine building B(G). Next we show directly that these 
contractions extend continuously to the natural Frechet completion Cl(B(G),V) K 
of this resolution of V . This shows that the Frechet completion of the resolution is 
an admissible projective resolution of the S(G, i^)-module V K in Modi? r (5(G, K)), 
and leads to ([3|). 

Given a good maximal compact subgroup K, we denote by M.od(H(G) , K) the 
full subcategory of "H(G)-modules V such that V = H{G)V K . By well known results 
of Bernstein the functor from Mod(H(G),K) to Mod(H(G,K)) given by V -> V K 
is an equivalence of categories, and by results of Schneider and Zink [ScZil] a similar 
statement holds for modules V over S(G) satisfying V = S{G)V . If we take K 
sufficiently small, such that V K generates V as a, G-module and W K generates W 
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as a G-module, then one derives ([T|) and ([2]) from ([3]) using these equivalences. 

Acknowledgements. It is a pleasure to thank Joseph Bernstein for stimulating 
discussions. During this research Eric Opdam was supported by ERC advanced 
grant no. 268105. 

1. The differential complex 

Let F be a non-archimedean local field of arbitrary characteristic. Let Q be a 
connected reductive algebraic group defined over F and let G = Q{¥) be its F- 
rational points. We briefly call G a reductive p-adic group. Let Z{Q) be the centre 
of Q and denote by X*(H) the set of F-algebraic cocharacters of an F-group H. 

The (enlarged) Bruhat-Tits building of G is 

(4) B(G) = B{Q, F) = B(g/Z(g),¥) x X, (Z@(F))) ®tl R. 

Recall that B(Q/Z(Q),W) is in a natural way a polysimplicial complex with a en- 
action. The choice of a basis of the lattice X if {Z{G)) induces a polysimplicial struc- 
ture on X*(Z(G)) <8>z Rj isomorphic to a direct product of some copies of R with the 
intervals [n, n + 1] as 1-simplices. The resulting polysimplicial structure on B{G) is 
G-stable because G acts on X*(Z(G)) <8>z R via translation over X*(Z(G)). 

A crucial role will be played by a system of compact open subgroups of G intro- 
duced by Schneider and Stuhler [ScStl] . The group associated to a given polysim- 

plex a C B(G) and a natural number e is denoted Ua ■ We will need the following 
properties, which can be found in [ScStlL Chapter 1] and in [MeSo2[ Theorem 5.5]. 

Proposition 1.1. (a) Ua is an open pro-p subgroup of the stabilizer G a of a. 

(b) The collection {U& \ e € N} is a neighborhood basis of 1 in G. 

(c) U ff depends only on the projection of a on B(Q/Z(Q),¥). 

(d) gU a g~ l = UgJ for all g € G, in particular U a is a normal in G a . 

(e) U^ fixes the star of a in B{G) pointwise. 

(/) Ua is the product (in any order) of the groups Ux > where x runs over the 

vertices of a. 
(g) If ai,a2 and 0-3 are polysimplices of B{G) such that 02 lies in every apartment 

(e) r- rr( e )7T( e ) 



of B(G) that contains o~\ U 0-3, then U a2 C U ai U, 



T;i 



Let O be the ring of integers of F and let it be a uniformizer of O. Let p be the 
characteristic of the residue field O/irO. We recall the main result of [MeSol], which 
works in the generality of modules over a commutative unital ring R in which p is 
invertible. Let C£°(G, R) be the R- module of locally constant, compactly supported 
functions G — > R. Since G is locally a pro-p group, there exists a Haar measure on 
G such that all pro-p subgroups of G have volume in p . We fix such a measure once 
and for all. Thus we obtain a convolution product on C^°(G;R), which makes it 
into an i?-algebra denoted T-L(G; R). Let Mod(%(G; R)) be the category of H(G; R)- 
modules V with %{G; R)V = V. It is naturally equivalent to the category Modij(G) 
of smooth G-representations on R- modules. 

Now we describe how the above objects can be used to construct resolutions of 
certain modules. Given any polysimplex a, let e CT = e ( e ) be the corresponding 

C>(T 

idempotent of T-L(G;R); it exists because the volume of U a is invertible in R. For 
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any V € Mod#(G), e a V = V " is the .R-submodule of U& -invariant elements. For 
any polysimplicial subcomplex £ C 13(G) let Y,( n > be the collection of n-dimensional 
polysimplices of E. We put 

C n (Z;V):= Ra® R e a V. 

tr£EW 

We fix an orientation of the polysimplices of B(G) and we identify —a with a oriented 
in the opposite way. This allows us to write the boundary of a in the polysimplicial 
sense |OpSol[ Section 2.1] as 

da = Y^ [*•■ t]t with [a : r] € {1, 0, -1}. 

We have [a : r] = unless t C a, and in that case Proposition ll.li f tells us that 

(e) (e) 

Ut C Uff and e T V D e CT y. Thus we can define a differential 

d„:C7 n (£;y)^CV-i(X;n 

d n (a ®v) = da ®v = N^ [<r : r]r ® v 
and an augmentation 

a :Co(S;y)^y = c_ 1 (s ; y), 

do(x ® v) = v. 

Since 9 2 = 0, (C*(£;V),d*) is a differential complex. The group G acts on 
C n (B(G);V) by 

(5) g(a ®v) = ga (g> gv, 

where gu is endowed with the orientation that makes g : a — > g<7 orientation pre- 
serving. Clearly 3* is G-equivariant, so (C*(B(G);V), d*) is a complex oil-L(G]R)- 
modules. 

Theorem 1.2. Let S C 0(G) 6e convex. 

(a) T/ie differential complex (G*(£; V"), c\) is acyclic and do induces a bijection 

H (C*(Z;V),d*) ^ Y, yU ^- 

(6) IfV = Exee(G)(Q) ^ E) ' i/ien {C*(B(G);V),d*) is a resolution ofV inMod R (G). 

This resolution is projective if the order of G a /Ua is invertible in R for every 
poly simplex a. 

Proof, (a) is [MeSoll Theorem 2.4]. Although in [MeSol] the affine building of 
Q/Z(Q) is used, this does not make any difference for the proof. In particular the 
crucial [MeSolt Theorem 2.12] is also valid in our setup. 

(b) The special case where R = C and Z(G) is compact was proven in [ScStlj 
Theorem II. 3.1]. It remains to show that C n (B(G); V) is projective under the indi- 
cated conditions. Let a\, . . . , a^ be representatives for the G-orbits of n-dimensional 
polysimplices in B{G) and let e ai : G ai — > {1,-1} be the orientation character of <Tj. 
By construction 

(6) C n (B(G); V) = indg [e ffi ® e ffi V) = md^ (e^ ® V u $). 
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By assumption \GajUa1 \ € R x , so the category of R[G a J U^ ] -modules is semisim- 
pie. In particular e ai <g> V a i is projective in this category, which by Probenius reci- 
procity implies that ind ^ ' ' ,. {e ai ^V u,T i ) is projective in Mod(H(G;R)). □ 



2. A FUNCTORIAL CONTRACTION 

From now on we fix e E N and a special vertex xq € B(G). By Proposition II. li d 
K = Ux is a normal subgroup of the good maximal compact subgroup G XQ of G. 
Let "H(G, K; R) be the subalgebra ofH(G; R) consisting of all i^-biinvariant elements 
and let Mod#(G, K) be the full subcategory of Mod^(G) made of all objects V for 
which V = n(G;R)V K . 

Theorem 2.1. Suppose that R is an algebraically closed field whose characteristic 
is banal for G, that is, does not divide the pro-order of any compact subgroup of G. 

(a) The exact functor 

Mod R (G) -> Mod(H(G,K;R)), 
V i-> e K V = V K 

provides an equivalence of categories M.odn{G,K) — > Mod(%(G, K; R)), with 
quasi-inverse W h-> ~H{G; R)ex ®h(G,K;R) W . 

(b) M.odn(G,K) is a direct factor of the category Modij(G), so the above functors 
preserve projectivity. 

Proof. For R = C this is due to Bernstein, see |BeDe| . Vigneras |Vig2| observed 
that Bernstein's proof remains valid for R as indicated. □ 

We remark that it is likely that Theorem 12.11 is valid for much more general rings 
R. By [McSoQ Section 3] this is the case for somewhat different idempotents of 
U{G;R). 

Theorem 2.2. (a) The augmented complex 

V K <r- C*(B(G);V) K 

admits a contraction which is natural in V G Modji(G, K). 
(b) Suppose that R is an algebraically closed field whose characteristic is banal for 
G. Then 

n(G,K;R) <- C if (B(G);n( y G;R)e K ) K 
is a projective H(G, K; R)-bimodule resolution which admits a right H(G, K; R)- 
linear contraction. 

Remark. C*(B(G);V) need not be generated its if-invariant vectors. The point 
is that there can be polysimplices a that do not contain any element of Gxo, and 

(e) 

then Ua does not contain any conjugate of K. 

Proof, (a) In the lowest degree it is easy for v G V K = C-\(B(G); V) K we put 

7-1 (v) = xq<S>v. 

In higher degrees, consider an apartment A of B(G) containing xq and let T be the 
associated maximal split torus of G. In |OpSol[ Section 2.1] a contraction 7 of the 
augmented differential complex C*(A;Z) is constructed, with the properties: 
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(1) 7 is equivariant for the action of the Weyl group N G (T)/(T n G xo ) on A. 

(2) For any polysimplex a C A, the support of 7(0") is contained in the hull of 
aU{x }. 

Recall that the hull of a subset X of a thick affine building (as in property 1) 
is the intersection of all apartments that contain X. It is the best polysimplicial 
approximation of the convex closure of X. An alternative, more explicit, description 
is given in |OpSol[ Section 1.1]. This works well for the Bruhat-Tits building of 
G/Z(G), which is the setting of |OpSol| . 

For X*(Z(G)) 0z R an intersection of apartments is not suitable because there 
is only one apartment. But by means of a basis of X*(Z(G)) we have already 
identified this lattice with Z . We define the hull of any subset X C A as the hull 
of the projection of X on B{G/Z{G)) times the smallest box 

n[ni,n'A CI«(Z(G))%1 with ni,n- gZ 

that contains the projection of X on X*(Z(Gr))<g)zR. To reconcile this with |QpSol| , 
let {/3i, . . . , (3d} be the dual basis of X*(Z(G)) and regard {Pi, —/Si, . . . , (3d, —(3d} as a 
root system of type Af in X*(Z(G)) ^M. Then our hull agrees with the description 
given in |OpSol[ Section 1.1], so the construction of 7 applies to A. 
For an elementary tensor a ® v a we define 

7«0 ® v a ) = 7(0-) ®v a e C n+X (A; Z) ® z V. 

By property 2 this does not depend on the choice of the apartment A and it clearly is 
functorial in V. Recall from [BrTi, Proposition 7.4.8] that, whenever B C A,g G G 
and g(B) C A, there exists n G N G (T) such that n(6) = g(b) for all 6 G B. With 
property 1 it follows that j n extends to a G Xo -equivariant map 

ln : C n (B(G);V) -> C,h.i(jB(G);Z) ® z V. 

Consider a typical K-invariant element eif(cr (8> v CT ) G C n {B(G);V) . By the if- 
equivariance of 7„ 

(7) 7n(e^(^«)w CT )) = e K {l{a)®v a ) = e K (^2^-/ aT T ® v a ) (£ C n+1 (B{G);V) K 

By property 2 the support of ([7]) lies in the K-orbit of the hull of {xq} U a. We fix 
a polysimplex To in this support and we have a closer look at the value of ([7j) at To. 
Let us write G+ for the subgroup of G T consisting of the elements that preserve the 
orientation of the polysimplex r. Then the value of ((Jj) at tq is 

(8) E E 7^(fc,r)fe ^ n ^ t, g> 

rcAnXTo fce-ft:/(i : s"nG+),fcT=±ro 

where e(k,T) G {±1} is defined by fer = e(fc, r)ro- By Proposition ll.ll g we have 
Ut C Ux Ua for all r occurring in the above sum. However, we need a more 
precise version. Let $ be the root system of (G, T) and let $ + be a system of 
positive roots such that a lies in the positive Weyl chamber A + . Let U + and £/ - 
be the unipotent subgroups of G associated to $ + and — $ + . The constructions in 
[ScStlj Section 1.2] entail that 

c/io ) n[/+ c u^ ] c\U + c c/i e) n£/ + , 

(9) u^nz G (T) = rt e) nz G (T) = ui e) nz G (T), 

uj$nu- d u^ e) nu- d c/i e) nt/-. 
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By [ScStTl Corollary 1.2.8] 

(io) u^ = {u^ n u-yjj® n z g (t))(u& n u+), 

which is contained in 

(u^ n u-)(u^ n z G (T))(u<?> n u+) c 

(u~ r\G+ nu<$)(u^ nz G (T)u+) c (G+nK)u^ e \ 

By assumption tv G V CT , so the above means that 

u (e) 
^ e Kr\Gt Vff = ^ e KnGt erVcr = ® e T e KnGt Vff = eT o^ e KnGt Va e ^ r ° > 

where we used that G T normalizes U-f for the second equality. Consequently (|8|) 

lies in V T o and 

(11) ln(e K ((r ® «„)) G C n+ i(B(G); F)* 

Because 'yd + d^f = id on C*(A;Z), 7* is a contraction of the augmented complex 

(C.(B(G),tO,0„). 

(b) It only remains to show that C n (B(G);'H(G; R)eK) K is projective as a %{G, K; R)- 

bimodule. By ([6]) it equals 

(12) 

d d 

(indg CT {e ai ® e ffi n(G; R)e K )) K = e K H(G; R) ® e CTi e CT ^(G; fl) ejc . 
i=i l i=i «(G CTi ;«) 

Consider the %(G; i?)-bimodule H{G\ R) ®n(G a ;R) e <x ® e a 'H(G; R), for any polysim- 

plex a. Since U& is normalized by G a and fixes er pointwise, e CT G Ti(G a ;R) is a 
central idempotent and eo-eo- = e CT . As it! has banal characteristic, the group algebra 

(13) R[G /U?>] = H(G a ,U^;R) = e a H(G a ;R) 

is a semisimple direct summand of l-i{G a ;R). Given an irreducible representation 
p of (TT3j) let e p be the corresponding central idempotent and p p G e p R[G a /Uff ] 
an idempotent of rank 1. Then ^ p (p eCT( g)p p p ) is an idempotent in 1i{G;R) <S>r 
H(G; R)°P and as H(G; i?)-bimodules 

U{G;R) ® e a ® e a U(G; R) = 

H(G a ;R) 

(14) U(G;R)e e „® P ® e p "H(G ;j R) = 



0^ W(G; 22K,®, 0r p p ^(G; i?) = 



In particular %(G; i?) ®-r(G<j;R) e <j ® e CT ^(G; i?) is projective as a %(G; i?)-bimodule. 
By Theorem 12.11 applied to the category of smooth G x G op -representations on 
.R-modules, 

e K H(G;R) <g> e ff ® e ff n(G; R)e K 

H(G a ;R) 

is projective in Mod(^(G,^T; R) ® R M(G, K; R) op ). Together with CG} this com- 
pletes the proof. □ 
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We record some useful properties of the contraction constructed above. 

Corollary 2.3. The contraction 7 from Theorem \2.2\ a satisfies: 

(a) 7 is G xo -equivariant. 

(b) For any polysimplex a, the support 0/7(0") is contained in the hull of aL) {xq}. 
In particular it intersects every G Xo -orbit in at most one polysimplex. 

(c) The exists M 7 G N such that 7(0") = Y1 t 7< jtT w ^ \1<tt\ < M~ for all polysim- 
plices a and r of B(G). 

Proof, (a) and the first half of (b) follow from the properties of the contraction of 
C*(A; Z) that we used in the proof of Theorem 12 .21 Let A' be an apartment contain- 
ing a and xq, corresponding to a maximal split torus T". Then the hull of a U {xq} is 
contained in a Weyl chamber for the Weyl group Nq x (T')/(T'r\G XQ ). Two points of 
A' are in the same G^-orbit if and only if they are in one Nq x (T')/(T'r)G X0 )-oibit. 
Hence this hull, and in particular the support of 7(0"), intersects every G^ -orbit in 
at most one polysimplex. 

(c) is a direct consequence of the definition of 7 and of the corresponding property 
of the contraction from |OpSol[ Section 2.1]. □ 

Let d be a G- invariant metric on B(G). Then the restriction of d to an apartment 
A comes from an inner product on A. We may and will assume that: 

• in any apartment A, X*(Z(G)) ®% R is orthogonal to A n B(G/Z(G)); 

• the chosen basis of X m (Z(G)) ®% M. is orthogonal. 

The following elementary property of the hull of a polysimplex of B(G) will be used 
in the proof of Theorem 14.21 



Lemma 2.4. There exists 5 G B(G) such that, for every polysimplex a, the diameter 
of the hull of a U {a^o} * s a t 'most d(xo, a) + d(xo, 5). 

Proof. Denote the hull of a U {x$} by rl. Let the apartment A and the root 
system R = R(G, T) U ±{/3i, . . . , (3^} be as in the proof of Theorem 12.21 The above 
assumptions on d imply that there exist c a > such that 

(15) d(x, xq) = y^ c a a(x) for all x S A. 

Choose a system of positive roots R + such that a (and hence H) lies in the positive 
Weyl chamber, with xq as origin. Then 

< a(x) < min a(y) + 1 for all x G TL, a G R + , 



see |QpSol §1.1]. Let a v G A be the coroot of a and put 6 = J2a£R+ aV /%■ It is 
well-known that (3(5) equals the height of j3 G R, which by definition is at least 1 
for all p G R + . With (JTSJ) it follows that, for all xi,x 2 G H: 

< la(xi) — a(x2)\ < mina(y) + a(S) for all a G R + , 

y£a 

d(xi,x 2 ) < d(x , a + 5) < d(x , a) + d(x , 5). 

Thus 5 works for this particular a. For other polysimplices a' the above argument 
would produce a possibly different 5' . But since all Weyl chambers in all apartments 
containing xq are conjugate under G Xo , d(xo,5') = d(xQ,5). □ 
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3. FRECHET S(G, if)-MODULES 

In this section we consider only complex G-representations, so we fix R = C and 
we suppress it from the notation. Recall that the Harish-Chandra-Schwartz algebra 
S(G) is the union, over all compact open subgroups U C G, of the subalgebras 

S(G,U)=e u S(G)e u . 

By |Vigl| 5(G) is the convolution algebra of functions G — > C that are rapidly 
decreasing with respect to the length function g i-> d(gxo,xo). The subalgebra 
S(G, U) is nuclear and Frechet. Nevertheless S(G) is not a Frechet algebra, it is an 
inductive limit of Frechet spaces and its multiplication is only separately continuous. 
Before we move on to Frechet modules, we recall some facts about algebraic 
5(G)-modules. Let Mod(<S(G)) denote the category of smooth <S(G)-modules. Let 
Mod(S(G), U) be the subcategory of all V with V = S(G)V U . We write K = U$} 
as before. The analogue of Theorem 12.11 reads : 

Proposition 3.1. [ScZill Lemmas 2.2 and 2.3] 

(a) The exact functor 

Mod(«S(G)) -+ Mod(S(G,K)), 
V h-> e K V = V K 

provides an equivalence of categories Mod(<S(G), K) — > Mod(S (G , K)) , with 
quasi-inverse W t-> S(G)ex ®s(G,K) W. 

(b) Mod(S(G),K) is a direct factor of the category Mod(S(G)) and all it objects V 
satisfy V = H(G)V. 

By part (b) the module S{G)e K G Mod(5(G), K) lies also in Mod(G,K). Hence 

(16) S{G)e K = U{G){S{G)e K ) K = H(G)e K S(G)e K = U{G)e K ® S(G,K). 

H(G,K) 

Let Modi? r (5(G, K)) be the category of Frechet S(G, iC)-modules, with continuous 
module maps as morphisms. We decree that an exact sequence in this category is 
admissible if it is split exact as a sequence of Frechet spaces. 

Let F be any Frechet space and write the completed projective tensor product as 
®. With respect to the indicated exact structure, modules of the form S{G,K)®F 
are projective in Modp r (S(G,K)). Hence this exact category has enough projective 
objects and all derived functors are well-defined. 

Now we specify a category of <S(G)-modules that is equivalent to Modi? r (5(G, K)). 
As objects we take all modules V G Mod(S(G),K) such that W := V K belongs to 
Modi?r(<S(G, K)). Because of Proposition I3TT1 we have 

(17) V^S{G)e K ® W with W e Mod Fr (S(G,K)). 

S{G,K) 
Since S{G)ck is the union of the subalgebras e£ S(G)eK, we can write 

(18) V = \J V u « r) <* [J ePs(G)e K ® W. 

reN reN S(G,K) 



Moreover e a S(G)ex is of finite rank as a right S(G, K)-module, so every term 

S(G,K) 



e a r S(G)eK <X> W becomes in a natural way a Frechet space. We endow V with 
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the inductive limit topology coming from these subspaces, thus making it into an 
LF-space. 

Clearly every 5(G)-module map (f> : V — > V sends V u to V , and by definition 
(f) is continuous if and only if 4>\ v u is continuous for every compact open subgroup 
U C G. On the other hand, as soon as 4>\yK : V K — > V K is continuous, the 
aforementioned finite rank property assures that 4>\vu is continuous for all U. We 
define Modi? r (5(G), K) to be the category of all 5(G)-modules of the form (fTTl) . with 
continuous 5(G)-module maps as morphisms. Exact sequences in this category are 
required to be split as sequences of LF-spaces. 

Our arguments will also apply to certain modules that are not generated by their 
[/-invariants for any compact open subgroup U C G. Let ModL^(5(G)) be the 
category of all topological 5(G)-modules V such that: 

• V u is a Frechet S(G, C/)-module for every compact open subgroup U C G; 

• V has the inductive limit topology from the subspaces V u . 

Of course the morphisms are continuous module maps. As before, we require that 
exact sequences in this category are split as sequences of topological vector spaces. In 
view of [ScSt2, Proposition 1], Modii?(5(G)) naturally contains all admissible 5(G)- 
modules. On the other hand, not every LF-space which is a topological 5(G)-module 
belongs to Modiir(5(G)), as we require its objects to be LF-spaces in a specific way. 
For example, the regular representation on S(G) itself is not in Modii?(5(G)). 
For V € Modpv (5(G), if) the vector space 

V u = euS{G)e K ® V K 

S(G,K) 

has a natural Frechet topology, because euS{G)eK is of finite rank over S{G,K). 
Hence Modi? r (5(G),.£f) is contained in Modj^(5(G)). In view of Proposition 13.11 
and the above considerations we have: 

Corollary 3.2. The functors 

Mod Fr (S(G),K) < — ► Mod Fr {S{G,K)) 

V ^ V K 

S(G)e K (8) W <- W 

S(G,K) 

are equivalences of exact categories. Moreover Modi? r (S(G), K) is a direct factor of 
Mod LF (5(G)). 

For V G Modpv (5(G), i<Q © and dED show that 

(19) 

d 

S(G,K) ® C n (B(G);V) K = ff$S(G,K) ® e K U(G) ® e ffi ®e ffi V 

H{G,K) ^ H(G,K) U(G a% ) 

d d 

= Q)e K S(G) ® t ai ® e ai V = © e K S(G)e <Ti ® e^^e^V. 

)t[ K(G at ) )t[ H( G< ,uif) 

By Frobenius reciprocity and Theorem ll.2l this is a projective object of Mod(5(G, K)). 
As a vector space it is complete with respect to the projective tensor product topol- 
ogy if and only if e ai V has finite dimension for all i. Since V = rl{G)V K , this 
happens if and only if V is admissible. 
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Unfortunately, for inadmissible V the modules (|19p need not form a resolution 
of V. The simplest counterexample occurs when G = F x , a onedimensional torus. 
Then 13(G) = M with F x acting by translations. Furthermore K = l + uo e+1 0, where 
a; is a uniformizer of the ring of integers O of F. For V = S(G)ex — S^L x O x /K) 
the modules f)19j) form an augmented differential complex 

S(ZxO x /K) ^S(Zx O x /K) ® S{ZxO x /K) 

H(O x ) 

^S{ZxO x /K) ® 5(ZxO x /4 

W(O x ) 
With the appropriate identifications 

3>(/® /') = //' and d 1 {f®f) = f®f-uf®u- l f. 

For any s£5(Zx O x /K) \C C (Z x O x /K) we have s®e K - e K ®s € kerd \im<9i. 
The problem is that, in order to move s <8 ex to e^ <8 s, one would need infinitely 
long shifts in the direction of (w,u; -1 ), whereas the image of d\ can only take care 
of finitely many such shifts. 

To avoid this problem we have to complete (fl9|) . and the best way is to introduce, 
for V S Mod LF (S{G)): 

d 

(20) Ci(B(G); V) := (J (e (P )S(G) e(T< § e CTi e CT ^). 

reNi=l "° H(G aii Ul») 

This lies in Modii?(5(G)) and is a topological completion of C n (B(G); V). Notice the 
specific order of the operations, which is necessary because (completed) projective 
tensor products do not always commute with inductive limits. We have 

C£(B(G); V) = 5(G) ®„ (G) C n (B(G); F) 

if and only if V is admissible. 

For the augmentation we simply put OLi{V) = V. 

Lemma 3.3. Let V € Modiir(5(G)). T/ie boundary maps d n of C*(B(G); V) extend 
to continuous S(G)-linear boundary maps d l n of C\{B{G);V) . 

Remark. An analogous result was used implicitly in |QpSol Section 2.3]. The 
proof given here also applies in the setting of |OpSol| . 
Proof. Since the map of Frechet spaces 

e jj(r)S(G)e ai x e ai V -> e W V, 
if, V) (-► /V 

is continuous and %{G Ci /Ua i )-balanced, 9o extends to a continuous map 

(21) ^ : Cg(B(G); V^-? ->• V^»? . 



To see that the higher boundary maps are also continuous, we fix an n+1-polysimplex 
r with faces Tj. The bilinear map of Frechet spaces 

e u (r ) S(G)e T x e T ® e T V -> 0^ e^ r) 5(G)e rj <8>e Tj (8) e Tj V, 

(/, r (8) v) h-> f®d(r) (8 v = £\- /®[r : r,-]^- (8) u 
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is continuous, for it is made from the identity map of e TT ( r )S(G)e T ®e T V, a finite 
linear combination and the embeddings 



(./ 



ii 



e (r)S(G)e T ®e T V -> e { r )S{G)e Tj ®e T:j V. 

XQ XQ 



For Gi in the G-orbit of tj 

e ( r )S(G)e T Me Tj V -> e ( r )S(G)e ffi § e CTi ® e CTi F 

is a quotient map, so in particular continuous. Hence the composition 



(r) 



e n( r)S(G)e T xe T ® e T V -> (%(B(G); Vf^ 



'u. 



o 



(e)^ 



is also continuous. By construction the latter map is H(G t ,Ut )-balanced and it 
extends d n+ \ on e {r )'H(G)e T xt T ® e T V. Now the universal property of 

says that there exists a unique continuous map 

(22) dUi ■■ CUi(B(G); V) u 'o -> C£(£(G); F)^ 

which extends <9 rt +i. 

By definition fl2IJ) and <|22J) are 5(G, l/J^-linear. As C*(B(G);V) is endowed 
with the inductive limit topology, we can take the union over r £ N in (|21|) and (|22j) 
to find the required continuous maps <9^. These are homomorphisms of modules over 

U reN S(G,U^)=S(G). a 

Whereas Lemma [3.31 says that (C*(£>(G); V) K , <9*) is a differential complex in 
Mod Fr (<S(G,K)), the next lemma implies that it consists of projective objects. 

Lemma 3.4. Let V G Mod Fr {S(G), K). 

(a) C t n {B(G);S(G)e K ) K is projective in Mod Fr {S(G,K)®S(G, K)°p). 
(6) C£(B(G); tO* is projective inMod Fr (S(G,K)). 

Proof. There are some technical complications, caused by the fact that 
Cn(B(G);V) is not necessarily generated by its K- invariant vectors. 

(a) Since G acts transitively on the chambers of B(G), we may assume that xq 
and all the <7j lie in the closure of a fixed chamber c. Then 

U^CU^CU^ foralH = l,...,d, 

so abbreviating U = Ux and a = cji we have 

e^/ecr = e CT = e^e*/. 
It follows that a typical direct summand of Cj l (B(G);S(G)ejj) looks like 

(S(G,U)^S(G,U) op )Y,(Pe^p®Pp) = S(G 1 U)e a § e CT ® e CT 5(G, 17) = 

p V.{G a ;Ui e) ) 

euS{G)e a <g> e CT <8> e a S(G)eu- 

U(G a ;Ui e) ) 
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These modules are projective in Mod.F r (<S(G, U)<S)S(G, U) op ), because the left hand 
side is a direct summand of a free module. It follows readily from the definition of 
nuclearity that 

(23) S(G, U)®S(G, U) op ^ S{G x G op , U x U op ) 

as Frechet algebras, see the proof of |Mcy2, Lemma 1]. By Proposition 13.11 applied 
to G x G op , the functors 

Mod(5(G x G op , U x U op )) < — ► Mod(5(G x G op , K x K op )) 

(24) Y ^ y KxK ° p 
euxU°p , S{G x G op )eKxK°pZ *— Z 

provide an equivalence between Mod(<S(G x G op ,K x K op )) and a direct factor of 
Mod(<S(G x G op , U x U°P)). Because S(G x G op , U x U op ) is of finite rank as a module 
over S(G x G°P,K x K°p), 

e UxU o P S{G x G op )e KxK o P Z = S(G x G op , U x U op ) § Z. 

5(GxG°p,KxK»p) 



It follows that the functors (|24j) preserve the property Frechet and preserve conti- 
nuity of morphisms, so they remain equivalences for the appropriate categories of 
Frechet modules. In particular Y t- )■ y" x " preserves projectivity, so 

/ ^ \ K x K op ^ 

[euS(G)e (T ® e CT <8) e a S(G)eu) = eKS(G)e a <g> e a <8> e a S(G)eK 

H{G a ;Ui e) ) H(G a ;Ui e) ) 

is projective in Mod F r(5(G, K)®S{G, K) op ). By fl2D) C* (B(G); 5(G)e x ) X is a finite 

direct sum of such modules. 

(b) Apply the functor § F A ' to part (a) and use V" = 5(G)F X . □ 
<S(G,K) 

4. Continuity of the contraction 

We want to show that the contraction from Theorem l2.2l extends to CJ l (B(G); V) 
by continuity. To that end we need a more concrete description of C^{B(G); V) K , 
at least in the universal case V = S{G)eK- 

Let {a{\ a set of representatives for the G-orbits of polysimplices of B(G). We 
may assume that xq is among them and that all the <Tj lie in a single chamber. We 
normalize the G- invariant metric d on B{G) so that the diameter of a chamber is 1. 
Let I : G — > M>o be the length function 

t(d) = d(gx ,x ) + 1. 

As was shown in |Vigl[ Section 9], the topology on S(G) is defined by the norms 

Pm(f) = \\i m f\\ 2 meN. 

More precisely, e T S(G)e a is the completion of e T / H(G)e a with respect to this collec- 
tion of norms. 

Note that the identification (jfij) of the two appearances of C n (B(G); S(G)ck) goes 
via the map 

d 
a: © C<j® c e a S{G)e K ->• © H(G)e ai ® e ai ® e ai S{G)e K 
( 25 ) <«=B(G)(»0 i=l «(G CT J 
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Here we have chosen for each a an element g a G G such that g a a = ±<Tj, where ctj is 
the chosen representative of the G-orbit of a. We fix such a choice of such g a once 
and for all. Hence g a f a G e ai S{G)eK for all a. The fact that we tensor over Ti(G ai ) 
makes the map a independent of the choices of the g a . The argument of (|14p shows 
that 

e K S{G)e ai ® e ai ® e ai S{G)e K * (e K S{G)e a ®{e K S{G)e a )°P) V(e p ® e eCT . p ). 

As a Frechet space this is a direct summand of 

(26) e K S{G)e a .®e ai S(G)e K , 

so the topology on CJ l (B(G); S{G)eK) K can be described with any defining family 



of seminorms on (|26|) . 

A general element of C n (B(G); S(G)ck) can be written as x = J2a a ® /c where 
/ CT G e a S{G)eK- We define /_ CT by /_ ff = — / CT for all <r (recall that we have fixed 
an orientation for all simplexes of B(G)). We will use this notational convention 
from now on. Then x is K- invariant if and only if fj~ a = kf a . We define a norm 
q m (m£N) on C n (B(G);S(G)e K ) K by 

(27) Q m (^ a a^/ (T ) = (^J|(l + (i(cT,xo) + ^r^Mll) 1/2 . 

We remark at this point that this family of seminorms does depend on the choices 
of the elements g a , but not up to equivalence. 

Lemma 4.1. The Frechet space C^(B(G); S(G)ck) K is the completion of 
C n (B(G); Ti(G)eK) K with respect to the family of norms {q m \ m G N}. 

Proof. By |Vigl, Section 9], applied to G x G, one defining family of norms on 
CUD is 

q'm(f) = \\(h+h) m fh = ( / (K9i) +t(92)) m \f(9i,92)\ 2 dgidg 2 ) 1/2 . 

JGxG 

We retract q' m to C n (B(G);'H(G)e K ) K via (ESJ). Notice that for g G UJ^g' 1 the dif- 
ference between £(g) and d(a, xq) + 1 is at most d(gxo,go~i) < 1, and hence inessential 
when it comes to these norms. Consider x = Yl a a ® fa G C n (B(G);'H(G)eK) and 

(28) a{x)=Y] e a g~ l ®g a f a . 

Since the right hand side of (I25p is a finite direct sum over the polysimplices Uj, 
it suffices to consider the case that x is supported on the G-orbit of one such ctj. 
Then e a g~ l has support in {g G G : g<Ji = a}, so the different e a g~ x have disjoint 
supports. Hence the sum (I28P is orthogonal for the L2-norm, and this remains true if 

we multiply it with the function (l\ +i.2) rn '■ The L2-norm of e^g^ 1 is vol (U^) , 
which is independent of a. 

It follows that q' m {a{x)) equals the right hand side of (|27l) . up to a constant factor. 
Consequently the norms q m with m G N define the topology of C^(B(G); S (G)ex) K ■ 
Now the result follows from the obvious density of C n (B(G); 'H(G)eK) K ■ G 



Theorem 4.2. (a) The differential complex 

S(G,K)^Ct(B(G);S(G)e K ) K 
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is a projective resolution in Mod.F r (S(G,K)(^S(G,K) op ). It admits a continu- 
ous contraction which is right S(G,K) -linear, 
(b) LetV £ Mod Fr (S(G),K). Then 

V K <- Ci(B(G);V) K and V «- S(G)e*C*(B(G); V) 
are projective resolutions in ModF r (S(G, K)) and in ModFr(<S(G),K). 



Proof, (a) The projectivity was already established in Lemma 13.41 
Like in the proof of Lemma 14.11 it suffices to consider an element x = ^ CT a <8) f ff € 
C n (B(G);ri(G)eK) K • Recall from the text just above (f2"7|) that the if-invariance 
is equivalent with fk a = kf a . Then 

(29) ln(x)= Yl r ® Yl W- 

reB(G)(™+ 1 ) <t6B(G)(") 



By dUD 

is invariant under U-f ■ By the if-equivariance of 7 the element J n ( x ) is K- invariant, 
and by our convention F_ T = —F T . In view of Lemma 14. II we have 

qm(ln(x)) 2 = Y JTeB(G){n+1) \\( 1 + d(.T,x ) + £rg T F T \\ 2 . 

The if-invariance implies that Fk T = kF T for all r and k £ K. From the definition of 
g T it is clear that g^k € G Ti g T . For all h S G n and g G G we have £(hg) < £(g) + 2. 
Since d(kr, xq) = d(r, xq) for all k £ if, we obtain 

||(1 + d(A:r,xo) + £r^ri ? fcr|| 2 < ||(3 + d(r,x ) + £) m g r F T \\ 2 . 
Hence q m {ln{x)) 2 is bounded by 

Y, [K:KnG T ] ||(3 + d(r,x ) + ^V^rf = 

rGii:\B(G)( n + 1 ) 

]T [Er:KnG T ]||(3 + d(T,x )+^r X) Ta^r/.g. 

rG-ft"\B(G)("+ 1 ) o-eS(G)(") 

By Corollary E31c 

(30) <M 7 2 2 [K:KnG T ] 2 ||(3 + d(r,a? ) +e) m 9T9?(9M\\l 

reK\B(G)( n + 1 ') cre/3(G)("):7 CT , T ^0 

The length function £ satisfies 

£{9r9a l 9) < £{9r9a l ) + £(9) = dterg-^xo) + 1 + £{g) 
= d{g~ l x , gr l x ) + 1 + £{g) 

< d(cr,r) + d(g^ 1 a i ,g^ 1 x ) + d(g~ l n,g~ l xa) + l + £{g) 
<d(a,T) + 3 + £(g). 

Corollary 12.31 b says that r lies in the hull of a U {xo} when j a<T ^ 0, in which case 
d(a, r) + d(r, x$) < 2d(a, xq) + 2d(5, xq) 
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by Lemma l2.4i We combine these length estimates to 

(31) 3 + d(r, x ) + i{gr9a l 9) < 6 + 2d(<r, x ) + 2d(6, x ) + £(g) 

< 6 + 2d i ^) + 1 (i + d ( ffj XQ ) + £( 5 )) := c (1 + d (a, x ) + *((/)). 



Therefore we may continue the estimate (|30p with 

(32) <M 7 2 £ [K:KnG T ] £ ||c m (l + d( ff ,x ) + *)"W<r 



2 \ "* r v . v r^ /"* l \ "* || „m(-[ i jt _ _ \ i j\m„ -fll^ 

2' 
Gir\B(G)(™+ 1 ) ereB(G) («): 7ct , t ^0 



By Corollary E3]b the sets 5 T := {<j G 6(G)( n ) : 7ctjT / 0} and kS T = {a G £(G)( n ) : 
7<t,A:t 7^ 0} are disjoint if kr ^ ±r. By Lemma 12,41 their union is contained in 

B{G)^ := {a G B(G)< n > : d(ff,ar ) > d(r,a? ) - d(Mo)}, 
so (|32j) is bounded by (using the invariance fka = kf a ) 

(33) <M 7 v m ^ y, na+^^+^r^Mi'- 

reA-\B(G)("+ 1 ) <tGB (g)(." ) 

By the Cartan decomposition G X0 \B(G) is in bijection with a Weyl chamber in 
an apartment A. As K is of finite index in G xo , this shows that K\B{Gp> is of 
polynomial growth. Choose N G 2N such that 

fe/v := > , . (1 + d(r, xn))~ is finite. 

This enables us to estimate (f33|) by 
<M 7 V m £ (l + d(r,ar ))-^ £ IK 1 + d ( a > x °) +t) m+N/2 9*f4l 

TeK\B(G)("+V aeB(G)i n) 

< M*c 2m b N Y, IK 1 + d ( a ' x o) + ^) m+iV/2 ^M|2 = M*c 2m b N q m+N/2 (x) 2 . 
creB(G)(") 
Altogether we obtained 
(34) 3m(7n(a0) < M y c m y r b^q m+N/2 (x), 

from which we conclude that on C n {B{G); S(G)ck) K the map j n is continuous with 
respect to the family of norms {q m j m G N}. From Theorem 12.21 we know that j n is 
right H(G,K) -linear, so by Lemma 14.11 it extends continuously to a right-<S(G, K)- 
linear map 

7n = C t n (B(G);S(G)e K ) K -> C* +1 (B(G);5(G) ei ,)^. 
The relation <9 n +i7n + J n -id n = id extends by continuity to <9^ + i7^ + 7«_i^ = id. 

(b) The first statement follows from (a) upon applying the functor ® V . The 

S(G,K) 

second is a consequence of the first and Corollary 13.21 □ 

We remark that Theorem 14.21 does not imply that V <— C\(B{G);V) is a reso- 
lution. Although this is true, one needs more sophisticated techniques to prove it 
- see the next section. The main use of Theorem 14.21 is to compute and compare 
Ext-groups: 

Proposition 4.3. Let V, W G Mod(«S(G)) with V admissible. 
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(a) There is a natural isomorphism 

Ext» (G) (V,W)^ExtS (G) (V;W). 

IfW G Mo<Ilf(<S(G)), then these are also isomorphic to Ext^ od (S(G)) ^Vi ^0 • 

(b) Suppose that moreover V, W G M.od(S(G),K). There are natural isomorphisms 

Ext™ {G) (V, W) - Ext^ K) (V K , W K ) 

= ^S(G,K)(V K ,W K ) = Ext n Mod{siGlK) (V,W). 

(c) If furthermore V, W G ModF r (5(G),ir), i/ien i/ie groups from (b) are also nat- 
urally isomorphic to 

^Mo dFr{ S(G,K))(V K ,W K ) and Ext^ odFr{s{GlK) (V,W). 

Proof, (b) The outer isomorphisms follow from Theorem 12.11 and Corollary [3? 
For the middle one, we observe that by Theorem 12,21 a 

K -ixrK\ _ unl-u^^ . _ ( n tn(n\.\r\K ixiK\ xx^^.fa ixrK< 



E ^H(G,K)(V K ,W K ) = H n lRom n{GtK) (C*(B(G);V) K ,W K ),Rom(d*,W 



(35) =H n (Rom s(GK) (S{G,K) ® C,(B(G); V) K , W K ),Hom(d„ W 1 



As V is admissible, 



\K _ nt(iatri\. \r\K 



S(G,K) ® C*{B{G);V) K = Cl(B(G)-VY 

H(G,K) 

By Theorem 11.21 Frobenius reciprocity and Lemma l3.4i b this module is projective 
in Mod(5(G, K) and in Modi? r (5(G, K)). Moreover it is finitely generated, so every 
module map to a Frechet S (G , K)-module is automatically continuous. Therefore 
([351) equals 

H n (Rom s{G}K) (Ct(B(G) ] V) K ,W K ),Rom(d„W K : 

which by Theorem O is Ext™ {GK) (V K , W K ). 

(c) In case W K G ModF r (<S(G, -fif)), the above argument also shows that we obtain 
the same answer if we work in Modir r («S(G, K)). By Corollary 13.21 these Ext-groups 
are naturally isomorphic to Ext^ od <s(G) K)(V> ^0* 

(a) The first statement was proven in [ScZi2i Section 9] , using the results of Meyer 
|Mey2| . Here we provide an alternative proof. Recall that the Bernstein decomposi- 
tion of Mod(%(G)) is given by idempotents in the centre of the category Mod(H(G)) 

BcDcJ. Hence Mod(<S(G)) and Modi^ (5(G)) admit an analogous decomposition. 
This persists to Ext-groups, so we may and will assume that V and W live in a 
single Bernstein component f2. Choose e € N such that all representations in 0, 
are generated by their U x e Q -invariant vectors. Then V, W G Mod(<S(G), U x e ) and 
moreover W K G Mod Fr (S{G,K)) if W G Mod L F(S(G)). Now we can apply parts 

(b) and (c). □ 



The admissibility of V is necessary in Proposition 14.31 The difference can already 
be observed in degree n = 0: ExtJL^V, W) = Homg fQ\(V, W) can be smaller than 

Ext^ (G) (V, W) = Hom w(G) (y, W) for general V, W G Mod(S(G)). In Mod LF (5(G)) 
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we usually get an even smaller space of morphisms, because they are required to be 
continuous. 



5. BORNOLOGICAL MODULES 

The content of Sections 3 and 4 can be formulated nicely with bornologies. In 
this section we work in the category Mod bor (A) of complete bornological modules 
over a bornological algebra A, as in [MeylJ. The corresponding tensor product is 
the completed bornological tensor product over A, which we denote by <§ia- In case 
A = C, we suppress it from the notation. 

We endow 7i(G) with the fine bornology, so a subset of T{{G) is considered to be 
bounded if it is contained in a finite dimensional linear subspace of ~H(G) and over 
there is bounded in the usual sense. On S(G) we use the precompact bornology, 
which means that a subset is bounded if and only if it is contained in some compact 
subset. Since we use the inductive limit topology on S(G), every bounded set is 
contained in a compact subset of S(G, U) for some compact open subgroup U C G. 

By |Mey2 Lemma 2] we have 



U{G)®U{G) =* %{G x G) and S(G)®S(G) = S(G x G). 

These isomorphisms, the second of which does not hold for the algebraic or the 
completed projective tensor product, to some extent explain why bornology is a 
convenient technique in our situation. 

Since H(G) has the fine bornology, the projectivity properties from Theorems 11.21 
and 12.21 carry over. Hence for any V £ Modb or (H(G)) the modules 



C n (B(G);V) € Mod bor (H(G)) 2 

C n (B(G);U(G)) € Mod bar (H(G)®H(G)°P), 

C n (B(G);V) K € Mod bor (H(G,K)) 2 

C n (B(G);n(G)e K ) K € Mod bor (H{G,K)®V.{G,K)°P) 



( 36 ) n ( >,wm.t/iA- 



are projective in the respective categories. 

The categories of topological <S(G)-modules that we used in the previous sec- 
tions are full subcategories of Mod bor (<S(G)). To see this, we endow all V, W G 
Modiir(5(G)) with the precompact bornology. Any 5(G)-module map § : V — y W 
sends V u to W u , for any compact open subgroup U. By the definition of the induc- 
tive limit topology, (f> is continuous if and only if <fi\y V is continuous for all U. Since 
V u and W u are Frechet spaces, the latter condition is equivalent to boundedness 
of 4> \ v u- As the bornology on V is the inductive limit of the bornologies on the V u , 
this in turn is equivalent to boundedness of eft. Hence 

Hom Modbor(iS(G)) (y,W0 = Hom ModLF(<s(G)) (F,WO. 

Since bornological tensor products commute with inductive limits, the definition 
([20]) can be simplified to 

d 

C t n (B(G);V) = ($S(G) e ai V u ^ for V € Mod 6or («S(G)). 
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The same argument as in the proof of Theorem 11,21 shows that this is a projective 
object of Mod feor (5(G)). By (JE 



C£(B(G);S(G)) = (S(G)®S(GD £> p ®p eaiP ) 



i=\ 



is projective in Mod 6or (5(G)®5(G) op ) = Mod feor (5(G x G op )). Just like for Frechet 
modules, Proposition 13.11 remains valid for bornological modules. It follows that 

d 
(37) C^BiG^Vf = Q)e K S(G) § t Ci ® e W V G Mod 6or (5 (G,iT)), 

(%(B(G);S(G)e K ) K G Mod feor (5(G,K)i5(G,iO° p ) 

are projective. Furthermore we note that, by the associativity of bornological tensor 
products and by ([IB]) . 



(38) C£(B(G);10 = 5(G) § C n (B(G);F), 

H(G) 

C t n {B{G);V) K = e K S(G) ® G n (£(G) ; y) x = 5(G,if) § G n (£(G) ; y) K 

W(G) «(G,1T) 

According to |Mey2 Theorem 22] the embedding of bornological algebras TL{G) — > 
5(G) is isocohomological. Together with Theorem ll.2i b and |Meyl Theorem 35] 

this implies that, for any V G Mod& or (5(G)) which is generated by its Ux -invariant 
vectors for some e G N, 

(39) (S(G) § C,(B(G);V),di) = {Ct(B(G);V),dt) 

H(G) 

is a resolution of V in Modf, or (5(G)). 

Theorem 5.1. Let V, W G Mod 6or (5(G)). 

(a) There is a natural isomorphism 

Ext^ otW(w(G)) (F, W) - Ext^ odbor(5(G)) (F, W). 

(b) Suppose that moreover V, W G Mod(G, K). There are natural isomorphisms 

E^Modw r^W WO = ExtLdw mfGW^ ^) 



Modf, or (ft(G))^> ^ ; — ^ l Mod bor (H(G,K)) 

n 

Mod bor {S(G,K))\ v i vv J - - Cj - x - L Mod,, or .(S(G)) 



Ext Modh „ r 5(G W^, w*) = Ext Mo , (s(G)) (v,w). 



Proof. Of course this is a straightforward consequence of Meyer's result (|39p . Even 
Theorem 12.21 is not really needed, only the existence of some projective resolution. 
Here we show how the theorem can be derived from Theorem 14. 21 
(b) The outer isomorphisms follow from the bornological versions of Theorem 12.11 
and Proposition 13. 11 As concerns the middle one, by Theorem 12.21 a 

^Mo dbor mG,K))(y K ,W K ) = 

H n {Rom Modbor{H{GtK)) (G*(£(G); V) K , W K ) , Hom 6or (<%, W K )) . 
By (|38p and by Frobenius reciprocity this is isomorphic to 

H n (Rom ModboAS(GtK)) (Ci(B(Gy,V) K ,W K ),Rom bor (dtW K )), 
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which by Theorem SJ and tf37|) is ExtJ tod ^ (5(GX)) (V A ',W rJif ). 

(a) By the same argument as for Proposition 14.31 this follows from part (b). □ 

We remark that in general 

™Mo<l bor (H(G))(V,W) ? Ex^ iG) (V,W). 

The reason is that morphisms in Modfc or (%(G)) have to be bounded, which is a 
nontrivial condition if V is not admissible. 

6. Generalization to disconnected reductive groups 

In the final section we take a more general point of view, we let G = Q(¥) be an 
algebraic group whose identity component G° = Q°(¥) is linear and reductive. We 
will show how the results of the previous sections can be generalized to such groups. 

First we discuss the categorical issues. Since G acts on G° by conjugation, it acts 
on Mod(G°) = Mod(%(G°; C)) and on the centre of this category. If e^ is a central 
idempotent of Mod(G°), then 

en ■= Yl aehg' 1 

gGG/Stab G (n°) 

is a central idempotent of Mod(G). It follows that the category of smooth G- 
representations on complex vector spaces admits a factorization, parametrized by 
the G-orbits of Bernstein components of G°: 

(40) Mod(G) = 11 Mod^(G) = 11 e^Mod(G). 

Q=Gn°/G Q=Gn°/G 

However, in contrast with the Bernstein decomposition for connected reductive p- 
adic groups, it is possible that Modo(G) is decomposable. 

Following |BuKu| we call a compact open subgroup U C G (or more precisely 
the idempotent ejj € %{G)) a type if the category Mod(G,U) is closed under the 
formation of subquotients in Mod(G). In case Q is connected, |BuKu} Proposition 
3.6] shows that these are precisely the compact open subgroups for which Theorem 
O holds. 

Lemma 6.1. Let U C G° be a type for G° . Then Theorem[2J\ holds for (G, U). In 
particular V h-> V defines an equivalence of categories Mod(G, U) — > Mod(T-L(G, U)) 
andMod(G,U) is a direct factor o/Mod(G). 

Proof Part (a) of Theorem 12 . 1 1 is [BuKu, Proposition 3.3]. By |BuKu} Proposition 
3.6] there exists a finite collection A of Bernstein components for G° such that 

Mod(G°,[/)= Yl Mod Q o(G°). 
Q°eA 
We claim that 

(41) Mod(G,C/)= Yl Mod n(G). 

fieGA/G 
First we consider V € Mod(G, U) as a %(G°)-module. As such 

V = U{G)V U = Yl H(G°)gV u = J^ n(G°)V 9U9 ~\ 

g£G/G° 36G/G° 
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so V is generated by J2q£G/G° V gUg ■ Since 

UiG^V^ 9 ' 1 G [] Mod n °(G°) = [] e^Mod(G°), 

Q°GgA r2°esA 

V lies in 

[] en°Mod{G°)= J] ^ 5en=5 _1 Mod(G°) 

Q°€GA n°eGA/G g£G/Stab G {n°) 

H e n Mod(G°). 

n=GCl°/GeGA/G 

In particular V G n^eGA/G Modn(G). Conversely, let W G Modn(G) with Q = 
Gft°/G G GA/G. Then 

W = e n ^= 5Z gehg- l We J] Mod 9 n°(G ). 

9 eG/Stab G (C°) G/Stab G (n°) 

As 0° G A, the latter category is a direct factor of f\ q eG/N G (u) Mod(G°, glJg^ 1 ). 
Now we can write 

W= Yl KiG^W 9 " 9 ' 1 = Yl n(G°)gW u = H{G)W U , 

g£G/N G (U) geG/N G (U) 

which verifies our claim (f4"T|h Finally, by (|40p Y\ neGA , G Modn(G) is a direct factor 
ofMod(G). □ 

Because the decomposition (I40p is defined in terms of central idempotents of 
Mod(Gr), it can be handled in the same way as the usual Bernstein decomposition. 
In particular the proofs of [ScZil} Lemmas 2.2 and 2.3] remain valid. Using these 
proofs in various categories leads to: 

Corollary 6.2. Let U C G° be a type for G° . Then Theorem \2J\ holds for (G, U) 
in Mod(S(G)),Mod LF (S(G)),Mod 6or (S(G)) and Mod bor (H{G)) . 

Next we deal with the affine building of G. As a metric space, it is defined as 

B{G) = B(g,F) := B(g°,¥) = B{G°/Z{G°)) x X*(Z(G )) <g> z M. 

The action of G° on B(G° /Z(G°)) is extended to G in the following way. There 
is a bijection between maximal compact subgroups of G°/Z(G°) and vertices of 
B(G° /Z(G°)), which associates to a vertex x its stabilizer K x . For any g G G 
the subgroup gK x g~ x C G° /Z(G°) is again maximal compact, so of the form K y 
for a unique vertex y of B(G° /Z(G°)). We define g{x) = y and extend this by 
interpolation to an isometry of B(G°/Z(G°)). 

Since Z{G°) is a characteristic subgroup of G° and G° is normal in G, G acts on 
Z(G°) by conjugation. This induces an action of G on X if {Z{G°)) which extends 
the action of G°. 

Because the polysimplicial structure on B(G°/Z(G°)) is natural, it is preserved 
by G. Unfortunately, no such thing holds for X*(G° /Z(G )) ®zK, so our choice of 
a polysimplicial structure is in general not stable under the G-action. Even worse, 
if G acts in a complicated way on X*(G° /Z(G°)), it can be very difficult to find a 
suitable polysimplicial structure on X*(G° /Z(G°)) ®z R- A serious investigation of 
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this problem would lead us quite far away from the theme of the paper, so we avoid 
it by means of the following assumption. 

Condition 6.3. There exists a G-stable root system of full rank in X*{Z{G°)). 

Under this condition the affine Coxeter complex of the root system is a suitable 
polysimplicial structure on X*(G° /Z(G°)) ®i R. In most examples G/G° is small 
and the condition is easily seen to be fulfilled. 

(e) 

We also need a slightly improved version of the groups U& . To define it, we have 
to go through a part of the construction from [ScStl]. Let T = T(F) be a maximal 
F-split torus of G° and let <E> be the root system of (G°,T). Furthermore denote by 
U + and U~ the unipotent subgroups of G° corresponding to some choice of positive 
and negative roots. The new group Uy will admit a factorization like (|10p . 

First we assume that Q° is quasi-split over F, so that Z G o (T) is a maximal torus 

of G°. We can keep UJfi n U + and U ( f ] n U~, but we have to change U^ e) n Z G o (T). 
Let Z G o(T)™ c (r G M>o) be the "minimal congruent filtration" of the torus Z G o(T), 
as defined in \Yn\ §5], and put 

Z G o(T)™ = \J Z G o(T)™ 

Following Yu we define, for e G N and a polysimplex a of B(G) = B(Q°,¥): 

ujd ■.= (u^ n u+) z G o(T)™ (u^ n u~). 

For general (not quasi-split) Q° the subgroups Ua C G° are obtained from those in 
the quasi-split case via etale descent, as in [ScStlj Section 1.2]. For this system of 
subgroups Proposition 11.11 and all the results of [ScStlj hold. 

According to |Yu[ §9.4], there exists an affine group scheme Q° such that Q%{0) = 
G° is the pointwise stabilizer of a and 

U® = ker (g°(o) -»• g°(0/ir e+1 0)). 

fel 
Consequently Uy is stable under any automorphism of the affine group scheme Q°, 

which is not guaranteed in full generality in [ScStl] . Clearly this applies to the 

action of N G (G° ff ) on Q°, so gU^g- 1 = ul e] for all g € N G (G° a ). Proposition [EUd 
and the definition of the action of G on B(G) then entail 

gl/Wg- 1 = U$ for all g G G. 

r e i 

Therefore Proposition 11.11 holds for G with the system of subgroups U& , which is 
enough to make everything from [MeSoTj work. 

With the above adjustments almost everything in the preceeding sections general- 
izes to disconnected reductive groups, only the proof of Theorem 12.21 a needs a little 
more care. It is here that we use the condition 16.31 The construction of the contrac- 
tion 7 of C*(A; Z) in |OpSol[ Section 2.1] applies to an apartment A spanned by an 
integral root system. Thus the assumed root system in X*(Z(G°)), together with 
the roots of (G°,T), functions as a book-keeping device to write down a contraction 
which has some nice properties. The remainder of the proof of Theorem 12.21 a needs 
no modification. 

We conclude that: 

Theorem 6.4. Under Condition \6.3\ all the results of Sections 1-5 are valid for G 
with the system of subgroups U„ . 



resolutions of tempered representations of reductive p-adic groups 23 

References 

[BcDe] J.N. Bernstein, P. Deligne, "Le "centre" de Bernstein", pp. 1-32 in: Representations des 

groupes reductifs sur un corps local, Travaux en cours, Hermann, 1984 
[BrTi] F. Bruhat, J. Tits, "Groupes reductifs sur un corps local: I. Donnees radicielles valuees", 

Publ. Math. Inst. Hautes Etudes Sci. 41 (1972), 5-251 
[BuKu] C.J. Bushnell, P.C. Kutzko, "Smooth representations of reductive p-adic groups: structure 

theory via types", Proc. London Math. Soc. 77.3 (1998), 582-634 
[Meyl] R. Meyer, "Embeddings of derived categories of bornological modules", preprint, 

arXiv:math.FA/0410596, 2004 
[Mey2] R. Meyer, "Homological algebra for Schwartz algebras of reductive p-adic groups", pp. 263- 

300 in: Noncommutative geometry and number theory, Aspects of Mathematics E37, Vieweg 

Verlag, 2006 
[MeSol] R. Meyer, M. Solleveld, "Resolutions for representations of reductive p-adic groups via 

their buildings", J. reine angew. Math. 647 (2010), 115-150 
[MeSo2] R. Meyer, M. Solleveld, "Characters and growth of admissible representations of reductive 

p-adic groups", J. Inst. Math. Jussieu (2011), DOI: 10.1017/S1474748011000120 
[ScStl] P. Schneider, U. Stuhler, "Representation theory and sheaves on the Bruhat-Tits building", 

Publ. Math. Inst. Hautes Etudes Sci. 85 (1997), 97-191 
[ScSt2] P. Schneider, U. Stuhler, "The definition of the tempered category", appendix to "K-types 

for the tempered components of a p-adic general linear group", J. reine angew. Math. 517 

(1999), 161-208 
[ScZil] P. Schneider, E.-W. Zink, "The algebraic theory of tempered representations of p-adic 

groups. Part I: Parabolic induction and restriction", J. Inst. Math. Jussieu 6 (2007), 639-688 
[ScZi2] P. Schneider, E.-W. Zink, "The algebraic theory of tempered representations of p-adic 

groups. Part II: Projective generators", Geom. Func. Anal. 17.6 (2008), 2018-2065 
[OpSol] E.M. Opdam, M. Solleveld, "Homological algebra for affine Hecke algebras", Adv. in Math. 

220 (2009), 1549-1601 
[OpSo2] E.M. Opdam, M. Solleveld, "Extensions of tempered representations", preprint, 

arXiv:1105.3802, 2011 
[Vigl] M.-F. Vigneras, "On formal dimensions for reductive p-adic groups", pp. 225-266 in: 

Festschrift in honor of I.I. Piatetski- Shapiro on the occasion of his sixtieth birthday, Part 

I, Israel Math. Conf. Proc. 2, Weizmann, 1990 
[Vig2] M.-F. Vigneras, Representations l-modulaires d'un groupe reductif p-adique avec I ^ p, 

Progress in Mathematics 137, Birkhauser, 1996 
[Yu] J.-K. Yu, "Smooth models associated to concave functions in Bruhat-Tits theory", preprint, 

2002 

KORTEWEG-DE VRIES INSTITUTE FOR MATHEMATICS, UNIVERSITEIT VAN AMSTERDAM, SCIENCE 

Park 904, 1098 XH Amsterdam, The Netherlands 
E-mail address: e.m.opdam@uva.nl 

Institute for Mathematics, Astrophysiscs and Particle Physiscs, Radboud Univer- 
siteit Numegen, Heyendaalseweg 135, 6525AJ Numegen, The Netherlands 
E-mail address: m.solleveld@science.ru.nl 



